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Background. This project is concerned with studying a fam-
ily of algebro-geometric objects called representation spaces.
These are spaces associated to a finitely generated group and
a reductive algebraic group. An important class of finitely
generated groups are those arising as fundamental groups of
surfaces. For this class, the resulting representation spaces
are related to many topics in mathematics and physics. These
include the Yang-Mills equations, Hitchin’s equations, the geo-
metric Langlands correspondence, the P = W conjecture and
mirror symmetry [Haul3, BPGPNT14].

In general, representation spaces are not well-understood.
However, much is known when one considers representation
spaces arising from fundamental groups of punctured surfaces
and reductive groups of type A, such as the general linear
groups. This is largely due to the seminal work of Hausel-
Letellier—Rodriguez-Villegas [HRV08, HLRV11] and subse-
quent work [Letl5, Mell8, Bal23, LRV23]. In this project,
we consider the same fundamental groups, but we do not re-
strict ourselves to reductive groups of type A. The novelty of
this project is our type-independent approach which handles
all types simultaneously. To our knowledge, only three papers
deal with representation spaces associated to reductive groups
outside of type A [Cam17,BK22, KNP23]. Inlight of the Lang-
lands program and the relationships with the aforementioned
areas in mathematics and physics, it is crucial to understand
the situation for all types.

The goal of this project is to understand the topology and geometry of these representation spaces. In particular,
we investigate their cohomology, obtaining useful topological invariants such as dimension, Euler characteristic, and
the number of irreducible components. We access these invariants through techniques of arithmetic geometry. In
particular, we count points of representation spaces over finite fields.

Our work relies on the Weil conjectures, a jewel of 20th century mathematics. Their statements are complicated,
but they teach us an important philosophy: cohomological information can be obtained by counting points over finite
fields. A concrete manifestation of this philosophy is a theorem of Katz [HRV08, Theorem 6.1.2]. This result tells us
that, when point-counting over finite fields, it is fruitful if one can conclude a polynomial relationship between the size
q of the finite field and the number of points of the representation space over that finite field.

A formula first revealed by Frobenius links the number of such points to the represention theory of finite reductive
groups. This provides a clear strategy to analyse the topology of representation spaces: use the representation theory of
finite reductive groups to show that Frobenius’ formula is a polynomial in ¢, and compute features of this polymomial.

Ficure 1. The Cayley cubic arises
as arepresentation space associated
to the thrice-punctured sphere and
the special linear group of 2 X 2
matrices.

Representation spaces. Fix a surface X and a reductive algebraic group G. Denote by 71 (X) the fundamental group
of the surface. The representation spaces in this project arise as spaces of homomorphisms 71(X) — G. Such
a homomorphism is determined by the image of its generators, subject to the requirement that the chosen images
satisfy the relations of the fundamental group. Algebraic groups carry the structure of a variety, so this space of
homomorphisms does too, since we can identify a homomorphism with the images that determine it. For instance, if X
is the torus, then 711 (X) ~ Z X Z ~ {a, b | ab = ba) and a homomorphism 71 (X) — G amounts to a choice of images
d, b € G suchthatdb = ba. Therefore Hom(r (), G) is identified with the subvariety {(g, h) € G> | gh = hg} € G>.

Recall from representation theory that two representations are considered equivalent if they are conjugate. The
identification Hom(7r1(X),G) € G X - - - X G means that Hom(7; (X), G) admits an action of G given by simultaneous
conjugation in every entry. This allows us to consider the collection of orbits Hom(x;(X), G)/G, which one may
interpret as the collection of inequivalent representations. The structure of this orbit space is subtle, since it does not
necessarily inherit a desirable algebro-geometric structure from G. The problem with the naive quotient is that, in
the quotient topology, singleton sets are not necessarily closed, so the quotient topology is not necessarily Hausdorff
[BPGPNT14, §3.2.1].



There are two common ways to obtain a space of orbits that admits a desirable algebro-geometric structure:

(i) Consider the geometric-invariant-theory (GIT) quotient Hom(x(X),G)/G. Historically, this was the first
solution to the orbit-space problem, due to Mumford. To solve this problem, the GIT quotient only consists of
the closed orbits, which can be given desirable structure [CF12, §3.1].

(i) Consider the quotient stack [Hom(m;(X), G)/G]. Stacks are a higher algebraic object defined in the wake of
Grothendieck. These solve our quotient problem by keeping track of more data than the naive quotient does, such
as the automorphisms of points. In a sense, the stacky quotient is the ‘correct’ quotient, but its definition requires
more work [Ach21, §6.8].

The GIT quotient Hom(7;(X), G) /G is called the character variety and has a close relationship to the problems
from other areas stated earlier. However, in general, its point-count is difficult. In constrast, the stacky quotient
[Hom(m1 (%), G)/G] is called the character stack and has essentially the same as the point-count of Hom(x (%), G).
In general, this point-count is still difficult, but it is easier than the point-count of the character variety. For these
reasons, we will focus on the character stack’s point-count, with a view towards relating it to the character variety’s
point-count.

Counting points. Our method of understanding the topology of representations is to compute their £-polynomials.!
These are polynomials that encode the geometric structure of representation spaces (specifically, the coefficients are
dimensions of certain cohomology groups). From an E-polynomial, we can extract topological information by reading
features of the polynomial. We omit the definition of E-polynomials [HRVO0S, Definition 2.1.4], but emphasise that
the following result allows us to compute E-polynomials without appealing to their definition.

Theorem 1 (Theorem 6.1.2.3 of [HRVO08]). Let X be a variety defined by polynomials with integer coefficients, and
denote by [, the finite field with q elements. Suppose that |X([F;)| is given by a polynomial Px(q) € Clq]. Then
Px(q) € Z[q] and this is the E-polynomial of X, denoted E (X q).

This tells us that if we can conclude polynomiality of | X ()|, then we immediately obtain the E-polynomial without
appealing to its definition. Once obtained, we use this polynomial to access topological information. For example,
(i) The dimension of X is the degree of E(X; g),
(i) The Euler characteristic of X is given by E(X; 1), and
(iii) The number of (maximal dimension) irreducible components of X is the leading coefficient of E(X; q).

Frobenius’ formula. In general, counting points over finite fields is not an easy problem. However, we have restricted
ourselves to punctured orientable surfaces and, in this case, there is a formula due to Frobenius telling us how to
point-count. Suppose that ¥ is a once-punctured orientable surface with genus g > 1. Through Seifert—Van Kampen’s
theorem, one sees that this has the fundamental group

7{1(2) = <al’bl7""ag’bgacl [alabl]”'[ag’bg]cz 1)

Furthermore, suppose that G is a reductive algebraic group over ;. Assume that the loop ¢ around the puncture is
mapped into a fixed conjugacy class C € G. In other words, consider the representation space

R = {f € Hom(n1(2),G) | f(c) € C}.

We also quietly assume that the centraliser of C in G is connected; we will soon specialise G and C so that this
is always the case. Since homomorphisms on 71;(X) are determined by the images of the generators, we make the
identification

R={(X1,Y1,...,Xg, Y, Z) € GB X C | [X1,Y1] - [Xg, Yl Z = 1} C G*&¥\.

Then Frobenius’ formula [HLRV 11, Proposition 3.1.4] tells us that R has point-count

IR(E)| _ (IG([Fq)I)zg‘ZX(C([Fq))
GEN e, L XD x()

where Irr(G([F,;)) is the set of irreducible complex characters of the finite group G(F;). We see that evaluating
Frobenius’ formula is a problem in the world of the representation theory of finite reductive groups. Note that we did
not need to impose reductivity on the algebraic group G to get this far. However, if we were not in the reductive setting,
then the task of understanding Irr(G(F,)) and evaluating Frobenius’ formula becomes out of our reach.

IC(Fy)I,

1Also known as Serre polynomials.



Results. We concern ourselves with character stack X := [R/(G/Z)] when C is a strongly regular, split and generic
conjugacy class. Here, C being strongly regular and split means that its centraliser is a split maximal torus 7 [Ste65],
and Z is the centre of G. It is well-known that |X(F;)|/|Z(F;)| = |R(F;)|/|G(F,)| [Beh93, Lemma 2.5.1], meaning
we can point-count X using Frobenius’ formula. Our main result is the following:

Theorem 2. The function f(q) := |X(F,)| is a polynomial in q with the following features:

(i) The degree of f is (2g —1)dimG +2dimZ — dimT.

(ii) The leading coefficient of f is the number of connected components of the centre of the Langlands dual group.
(iii) IfdimZ > 0 or g > 1 then f(1) =0.
(iv) The coefficients of f are palindromic, in the sense that f(1/q) = g~ %¢7 f(q).

Corollary 3. The E-polynomial E(¥;q) is equal to f(q). Moreover,

(i) The dimension of the character stack is (2g — 1) dimG +2dim Z — dim 7.

(ii) The character stack and the centre of the Langlands dual group have the same number of connected components.
(iii) The Euler characteristic of the character stack is 0, unless dimZ = 0 and g = 1.

(iv) The character stack exhibits a ‘curious’ Poincaré duality, in the sense of [HRVOS,HLRV11].

Lusztig’s Jordan decomposition. Our proof of Theorem 2 is centered around a remarkable decomposition of
Irr(G(F,)) due to Lusztig. We shall take some time to define the objects involved. We will also discuss the his-
tory of these objects, in order to highlight their conceptual advantages and the significance of the decomposition.

Before the 1970s, the problem of finding irreducible G ([F,)-characters, let alone the character values themselves,
was far from solved. At the time, only the general linear groups GL, (F,) and symplectic group Sp,(F,;) had well-
understood character tables [Gre55, Sri68]. From these tables, lan Macdonald conjectured that there should exist a map
from ‘general position” characters of maximal tori to Irr(G(F,)). Roughly, maximal tori are subgroups of G ([F,) that
are isomorphic to products of multiplicative groups of finite fields, and there are no mysteries about their representation
theory. Macdonald’s conjectures were solved by Deligne—Lusztig in their seminal 1976 paper [DL76]. Their main
idea was their Deligne—Lusztig characters which ellucidate the representation theory of finite groups to this day.

The inspiration for Deligne—Lusztig characters was a construction due to Fields medalist Vladimir Drinfeld. He
had explicitly constructed a mysterious family of irreducible SL, ([F,)-representations. At the time, only the character
values of these irreducible representations were known, and Drinfeld’s work explained how to construct the actual
representations which realised those characters. These representations were found inside the so-called £-adic cohomol-
ogy group H!(C, Q) of the curve C: xy? — yx? = 1, now known as the Drinfeld curve [Bon11]. Remarkably, such
cohomology groups were in their infancy at the time, having been developed only in the previous decade by Fields
medalists Alexander Grothendieck in order to prove the Weil conjectures.?

A Deligne—Lusztig character R? (0) is a virtual character associated to a maximal torus 7 C G and a character
0 € Irr(T(F,)). By a virtual character, we mean a Z-linear combination of actual characters. The Deligne—Lusztig
characters satisfy many important properties. One evidently helpful property is that all irreducible G ([F,)-characters
appear in some Deligne-Lusztig character. That is, for any y € Irr(G(F,)), there is some (T, 6) such that the
multiplicity of y in R?(G) is non-zero [GM20, Corollary 2.2.19].

An important subcollection of Irr(G([F,)) are the so-called unipotent characters, which are those irreducible
characters which appear in R? (17) for some T. A surprising theorem of Lusztig tells us that unipotent characters are
independent of the base field, in the sense that they are in bijection with a set only depending on the Weyl group of
G [GM20, Theorem 2.4.1]. Even more can be said when G has connected centre. In this case, Lusztig tells us that
semisimple conjugacy classes and unipotent characters of smaller groups can be used to parameterise the collection of
irreducible G ([, )-characters. This is Lusztig’s Jordan decomposition of Irr(G (F,)).

Theorem 4 (Theorem 4.23 of [Lus84]). Suppose that G has connected centre. Let GV be the Langlands dual of G
and Uch(GY.(F,)) be the set of unipotent characters of the centraliser of x € G (F,). Then there is a bijection

Irr(G (F,)) «—> |_| Uch(GY(F,)).
[x]1€GY(Fy)
X semisimple

Furthermore, if x € Irt(G(Fy)) is paired with p € Uch(GY.(F,)), then the degrees of x and p are related by
x(1) = p(D[GY(Fy) : GY(F)]pr-

2Even more remarkably, Drinfeld was only 19 years old at the time of this work [Lus14].
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G-types. We frame the point-count of representation spaces in terms of G-types, a new definition in the spirit of
[HRVOS,HLRV11,Merl5,Cam17]. Our types generalise previously defined notions of types, the first of which being
due to Green [Gre55]. This frame of types aids in the task of obtaining a polynomial in g for two reasons: G-types
do not depend on ¢, and each irreducible G (F,)-character gives rise to a G"-type. These facts allow us to carefully
manipulate the dependence on ¢ in Frobenius® formula.

Our proposed definition of types is motivated by the following assignment. If y is paired with ([x], o) via Lusztig’s
Jordan decomposition, then consider the centraliser G)V(. Since G has connected centre, the centraliser is a connected
reductive subgroup of maximal rank. Carter tells us that this centraliser gives rise to a so-called genus ([V], [w]),
where W is the root system of G} and [w] is the conjugacy class of Ny (Wy)/Wy which describes the centraliser’s
rational structure [Car78].3 Here, W is the Weyl group of G and Wy is the Weyl group of ¥. Then the aforementioned
assignment is

x = ([Y]. [w], p).

We propose the following definition of a G-type:

Definition 5. Suppose that G has root system ® and Weyl group W. A G-type is a triple T = ([¥], [w], p), where
(i) [¥] is the W-orbit of a closed subsystem ¥ of @,
(ii) [w] is a conjugacy class in Ny (Wy) /Wy, and

(iii) p is a unipotent representation of G|y []([Fy), the group with root system [¥] and rational structure [w].

The collection of all G-types is denoted Type(G), which is independent of g.# The assignment y +— ([¥], [w], p)
gives rise to a well-defined map Irr(G (F,)) — Type(G"). The collection of irreducible G (F,)-characters with type 7
is denoted Irr(G(F,))~. For example, the four GL,-types are

7= ([A], [1],wiv), 7= ([A] [1],S0), 73 = ([0], [1],triv) and 74([0], [w], triv),

where St is the Steinberg representation for GL,(F;), and w is the non-trivial element of Ny (Wp)/Wq =~ S,. Noting
that GL} = GL,, the above types arise from the following GL,(F,)-characters:

(i) 7 arises from characters of the form U, : GLy(F;) i [qu =, C* for some @ € Irr([F;).
(ii) T arises from characters of the form St ® U,,.
(iii) 73 arises from the irreducible principle series characters.
(iv) 14 arises from the irreducible cuspidal characters.

Order polynomials and degree polynomials. To point-count later, we need order and degree polynomials, which
come from well-known order and degree formulas [GM20, Theorem 1.6.7, Definition 2.3.25]. Given y € Irr(G(F,)),
the order and degree polynomials |G|l and D, are constructed to satisty ||G||(g) = |G(F,;)| and D, (q) = x(1),
indicating their use in point-counting (cf. Frobenius’ formula). For instance, if G = GL,,, then

IG1I(q) = | GL,(Fy)| = g (g -1" Z glenshv)

weS,
and if y = Indgfgq; (6) is an irreducible principle series character of GL,, (F,), then
q
G(F)| .
Dy(g) = x(1) = dimé = gleneth(w)
) |B(F,)] 2,

weS,

Using the degree formula in Theorem 4, we find that D, actually only depends on the type of x:

Proposition 6. The degree of x is determined by its type 1, so we write T(1) for this common degree. Furthermore,
the degree polynomial of x is determined by its type, so we write D, for this common polynomial.

This follows from observing that if ([¥], [w], p) is the type of y then this completely determines the value
p(D[GY(Fy) : G\[/q,]’[w](ﬂ:q)]p/, which is exactly y (1), by Theorem 4. Therefore, if y and y’ have the same type,
then x (1) = x’(1). But D, (g) = x(1), meaning that the polynomial D, — D, has infinitely many roots and must be
zero. Therefore, so long as 7 arises from some character, D, is well-defined.

3For example, up to GL([F;)-conjugation, there are two maximal tori in GL;(F;) and they both have empty root systems, but they are
distinguished by a choice of conjugacy class in Ny (Wy) /Wy = S;.

4We are omitting light assumptions on g. For those interested, we assume that g is a power of a prime which is good for G, in the sense of
[Car93, §1.14].
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Point-counting with G-types. Given 7 € Type(G") and S € G(F,), define the functions

IGll(q)
Hel@) =55 and Se@)i= D5 x(S).
i el (G (Fy))s
We call the S, character sums. In this notation, we have

R(F, Z(F, G(F,)|\*¢!
X(F,)] = IR(F)I  1Z(Fy)| | (q)l) X(S)_IIZII(q) Z

(GI2)(F)] ~ T(F,) Xdﬂ(G(m( x(@) ~ Tl
This expression yields some amount of clarity when point-counting. For instance, by [GM20, Remark 2.3.27], we

know that D divides |G ||, so H is a polynomial. Therefore, the polynomiality of S; is the only concern when proving
the above expression is a polynomial, since the sum on the right-hand side is over a set that is independent of ¢.

He(q)*7'S:(q).
7€Type(GY)

Character sums are polynomial. When G = GL,, and S is semisimple with a ‘generic’ condition, character sums
were related to Macdonald polynomials, yielding useful polynomial expressions of character sums [HLRV 11, Theorem
4.3.1]. Outside of type A, when G = Sp,,, and § is regular, semisimple with a similar ‘generic’ condition, these
sums were related to posets of closed root subsystems [Cam17, §4.3.5]. As far as we know, the first type-independent
investigation to evaluate these sums was recently conducted in [KNP23], which we continue. A novelty of our current
work is that, unlike [KNP23], we do not rely on the presence of a regular unipotent conjugacy class.

Using character evaluation formulas of Deligne-Lusztig, one can deduce the polynomiality of S, via the polynomi-
ality of certain character sums of tori. It was shown for the first time in [KINP23] that these character sums of tori are
polynomial. This allows us to conclude polynomiality of S+ when S € G([F,) is strongly regular and split, so that S is
contained in a unique split maximal torus 7' (F,).

Theorem 7. Let X be the character lattice of G, let ® be the roots corresponding to the pair (G,T), and let d(G")
be the modulus of GV. Then S, is essentially polynomial in g, in the sense that it is polynomial on residue classes.’
Furthermore, if X /{®) is free and q = 1 mod d(G"), then S+ is polynomial in q.

Explicitly computing S, (q) becomes tractable when one imposes a generic condition on S. This is a relatively light
assumption; generic elements form an open dense set in 7. We omit the expression obtained, but we note that this
allows us to relate our character sums to that of [HLRV11].

Future objectives. We state some objectives remaining in this project.

(i) We are writing a paper [KNW] containing the results above and some of the objectives below.
(ii) We seek to understand the Euler characteristic when dim Z = 0 and g = 1. In [Cam17], the Euler characteristic
E, of an Sp,,,-character variety was determined by the generating function

E, 1 2

—T" = ———— =1+3T+9T“+--- .

ZO W (B, ,Ul (I-Th)

(iii) We will relate the point-counts of character varieties to the above point-count of character stacks. This will allow
us to investigate the topological features of character varieties. Due to genericity of the puncture, we have found
that character stacks and character varieties have the same point-count.

(iv) We will examine the relationship between S, and the character sums computed in [HLRV11]. The latter were
computed using combinatorial descriptions of the representation theory of GL,(F;). Thus, comparing our
expressions may yield combinatorial insights into the situation.

(v) A natural goal is to remove the regularity condition placed on S. In this case, S can be contained in many tori,
not just the unique one guarenteed by regularity. We must then appeal to another result of Deligne-Lusztig
[DL76, Corollary 7.6]. This tells us that, to proceed, one should understand the irreducible constituents of
R? (6). Unlike B(0), these irreducible constituents are not so well-behaved. However, an analogous result
[GM20, Theorem 2.3.2] gives us some handle on their behavior. In particular, we must replace W-conjugacy
with the concept of geometric conjugacy [DL76, Definition 5.5].

5This means that there are some N > 1 and polynomials fi, ..., fn suchthat S7(g) = fi(q) forall g = i mod N. One notes that this implies
that the representation space is fibrewise polynomial-count in the sense of [HRV08].
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