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HOW I THINK ABOUT THE CIRCLE

Consider the circle
E : x2 + y2 = 1.

The first and last definition in this talk:

E(Set) := {(x, y) ∈ Set× Set with x2 + y2 = 1}.

For example,
E(Z) = {(1, 0), (0, 1), (−1, 0), (0,−1)}.
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HOW I THINK ABOUT THE CIRCLE

E : x2 + y2 = 1.

E(Z) E(R) E(Q)

These are all shadows of the circle.
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A SPECIAL SHADOW

For each prime p, there is exactly one field with p elements.

F2, F3, F5, F7, F11, F13, F17, F19, . . .

In particular,
F2 = {0, 1}

F3 = {0, 1, 2}

F5 = {0, 1, 2, 3, 4}
...

Moral: Understand |E(Fp)|⇝ Understand E

Theorem: If |E(Fp)| is a polynomial in p then
this polynomial encodes topological info
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THE CIRCLE MOD p = 2

E : x2 + y2 = 1

F2

F2
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THE CIRCLE MOD p = 3

E : x2 + y2 = 1

F3

F3
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THE CIRCLE MOD p = 5

E : x2 + y2 = 1

F5

F5
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THE CIRCLE MOD p = 7

E : x2 + y2 = 1

F7

F7
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THE CIRCLE MOD p = 11

E : x2 + y2 = 1

F11

F11
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THE CIRCLE MOD p = 13

E : x2 + y2 = 1

F13

F13
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THE CIRCLE MOD p = 17

E : x2 + y2 = 1

F17

F17
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THE CIRCLE MOD p = 19

E : x2 + y2 = 1

F19

F19
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THE CIRCLE MOD p

In general,
|E(Fp)| “= ” p− 1.

How do we read this polynomial?

dimension of E = deg |E(Fp)| = 1

# of components of E = leading coeff. of |E(Fp)| = 1

Euler characteristic of E = |E(Fp)|
∣∣∣
p 7→1

= 0
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