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THE SHAPE OF OUR THEOREM

Simple gp. G/C
Conj. class C in G
Rational number ν

⇝
Is there a ‘G-conn.’ on P1

C

with ‘monodromy’ C at ∞
and ‘slope’ ν at 0?

(G, C, ν) 7→ yes/no

Theorem (Kamgarpour–W., ‘26)
If G is exceptional, check our table

Theorem (Jakob–Yun, ‘23)
If G is classical, check our table
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AN OLD PROBLEM

Abstract gp. G and conj. classes C1, . . . , Cr in G

Problem: Do there exist gi ∈ Ci
with g1 · · ·gr = 1?

If G is finite, the number of
such tuples (g1, . . . , gr) is

|C1| · · · |Cr|
|G|

∑
χ∈Irr(G)

χ(C1) · · ·χ(Cr)
χ(1)r−2
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X = P1
C \ {p1, . . . , pr} π1(X) =

〈
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〉
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Local systems on X
with monodromy Ci
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A MODERN GEOMETRIC PROBLEM

X = P1
C \ {0,∞}

Tuples (A1, . . . , Ar) in GLn(C)
with A1 · · · Ar = 1 and Ai ∈ Ci

↭

G-connections on X
with reg. sing. at ∞
and irreg. sing. at 0∇ = d+ B(t)dt

B(t) ∈ g((t))



A MODERN GEOMETRIC PROBLEM

X = P1
C \ {0,∞}

Complex points on
the stack M(C, β)

↭

G-connections on X
with reg. sing. at ∞
and irreg. sing. at 0∇ = d+ B(t)dt

B(t) ∈ g((t))
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Conj. class C in G Positive braid β = w̃1 · · · w̃r for G

The braid stack is

M(C, β) =
{
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g ∈ C, Fi ∈ G/B
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G
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THE SHAPE OF OUR THEOREM

Simple gp. G/C
Conj. class C in G
Rational number ν

⇝
Is there a complex point

on the braid stack
M(C, m

√
Π

d
)?

(G, C, ν) 7→ yes/no

Theorem (Kamgarpour–W., ‘26)
If G is exceptional, check our table

Theorem (Jakob–Yun, ‘23)
If G is classical, check our table



ASIDE: LUSZTIG’S MAP

Connected reductive gp. G Weyl group W

Unipotent classes UC(G) Conj. classes CC(W)

In 2011, Lusztig constructed a ‘miraculous’ surjective map

CC(W) → UC(G)

[w] 7→ min. class intersecting BwB

Proof for exceptional G: Count points on C ∩ BwB over Fq

Tight relationship: M(C, β) ' (C ∩ BwB)/B when β = w̃
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THE SHAPE OF OUR PROOF

Lusztig’s formula for counting points on C ∩ BwB over Fq is

|(C ∩ BwB)(Fq)| =
1

|G(Fq)|
∑

g∈C(Fq)

∑
E∈Irr(W)

tr(g,UE) tr(Tw,HE)

where

UE is a unipot. G(Fq)-rep. & HE is an irred. Hecke alg. rep.



THE SHAPE OF OUR PROOF

Our formula for counting points on M(C, β) over Fq is

|M(C, β)(Fq)| =
1

|G(Fq)|
∑

g∈C(Fq)

∑
E∈Irr(W)

tr(g,UE) tr(Tβ,HE)

where
β = w̃1 · · · w̃r ⇝ Tβ = Tw1 · · · Twr
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