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THE SHAPE OF OUR THEOREM

Simple gp. G/C s there a ‘G-conn! on Pg
Conj. class Cin G ~ with ‘monodromy’ C at oo
Rational number v and ‘slope’ v at 07
(G,C,v) — yes/no

Theorem (Kamgarpour-W., ‘26)
If G Is exceptional, check our table

Theorem (Jakob-Yun, ‘23)
If G is classical, check our table
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AN OLD PROBLEM

Abstract gp. G and conj. classes (4, ..

Do there exist g; € C;

Problem: With s - g, = 17

If G Is finite, the number of

such tuples (g1,...,9/) IS

G-~ |G x(C1) -+ x(Cr)
|G| 2 x(1)2

x€lrr(G)

LG inG




AN OLD PROBLEM

53.

Uber Gruppencharaktere
der Kéniglich PreuBischen Akademie der Wi  Berlin
9851021 (1896) )
pe prime

P* +€ XK =123,

Bei dem Beweise des Satzes, dass jede GEESRERMNGHEGR ciner Varia-
beln unendlich viele Primzahlen darstellt, wenn ihre Coefficienten
theilerfremde ganze Zahlen sind, benutzte IIRIGHLED zum ersten Male
gewisse Systeme von Einheitswurzeln, die auch in der nahe verwandten
Frage nach der Anzahl der Idealclassen in einem Kreiskdrper auftreten
(vergl. die Bemerkung von Depexinp in Dimicaer’s Vorlesungen iber
Zahlentheorie, 4. Aufl. S.625), sowie bei der Verallgemeinerung jenes
Satzes nuf quadratische Formen und in den Untersuchungen iiber deren
Ei in Geschlechter. Die charak h dieser
Ausdriicke besteht nach Depexiso darin, dass sie von einer variabeln
positiven ganzen Zahl n abhiingige Grossen x,(n) sind, die nur eine
endliche Anzahl von Werthen haben und der Bedingung

X(m) x(n) = x(mn)
geniigen. Wie er in rein abstracter Form ausfihrt, lassen sich den
Elementen A, B, C, ... jeder endlichen Gruppe § vertauschbarer Ele-
mente (ABer’schen Gruppe) solche Einheitswurzeln x,(4), %(B), x(C), ---
zuordnen, welche die Gleichungen

x(4)x(B) = x(4B)
befriedigen, und die er nach dem Vorgange von Gauss die Charaktere
der Gruppe nannte.

Se)en @), (8), (v) 1rgend drei verschiedene oder gleiche Classén:
A die A, El te der «" Classe, B die /3
Elemente der 8 und C die 4, Elemente der ¥**, so soll @die Zahl 7z
(die auch Null sein kann) ungeben, wie viele der 4, /sh, Elemente ABC
gleich dem Hauptelemente sind, also der Gleichung
39 ABC=E
geniigen. Da dann AB = C~ ist, so giebt A, auch an, wie viele der
h.hy Elemente AB der Classe () angehtren. Die Gleichung (3.) ist
identisch mit BCA = E und CAB = E. Daher sind auch g, der
hgh, Producte BC in () und h,g, der %A, Producte CA in (8) ent-
halten. Mithin ist /., nicht grosser als die kleinste der drei Zahlen
Bahy, Byh, und hohs.




AN OLD PROBLEM

Suppose G = GL,(C),SL,(C),S0,(C), Go(C), F4(C),

This is called the ‘Deligne-Simpson problem’

Products of Matrices

CARLOS T. SIMPSON

Introduction
We will consider the matrix equation
Ay Ap=1

for matrices 4; in specified conjugacy classes C; C SL(n,C). The question is
whether there exists a solution.

THEOREM. Suppose Cy is semisimple with generic distinct eigenvalues. Then
there exists a solution Ay ---Ay = 1 if and only if 3" dim(C;) > 2n® — 2 and
Tt 2N




AN OLD PROBLEM

Suppose G = GL,(C),SL,(C),S0,(C), Go(C), F4(C),

This is called the ‘Deligne-Simpson problem’

COUNTING POINTS ON GENERIC CHARACTER VARIETIES

STEFANO GIANNINI', MASOUD KAMGARPOUR?, GYEONGHYEON NAM?
AND BAILEY WHITBREAD!
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AN OLD GEOMETRIC PROBLEM

X=PL\{p.,...

7p/’}

7T1(X):<£1,...,£r . 6161’:1>

Tuples (A, ..., A) in GL,(C)
with A;---A, =Tand A €

{

Local systems on X
with monodromy C;
around p,



AN OLD GEOMETRIC PROBLEM

7pf}

7T1(X):<€1,...,€r . g']gr:’|>

Tuples (A, ...,A)) in GL,(C)
with A,---A, =1Tand A €

{

GL,-connections on X
with reg. sing. at p,
and monodromy in C;



AN OLD GEOMETRIC PROBLEM

X=Pe\{p1,---,pr}

V =d+B(t)dt
B(t) € gl,((1))

7T1(X):<€1,...,€r . gqgr:1>

Tuples (A, ...,A)) in GL,(C)
with A,---A, =1Tand A €

{

GL,-connections on X
with reg. sing. at p,
and monodromy in C;



AN OLD GEOMETRIC PROBLEM

X=Pe\{p1,---,pr}

7T1(X): <£1,...,£r . g']"'gr

Tuples (A+,...,A;) in G(C)

V =d+B(t)dt
B(t) € a((t)

with A,---A, =1and A € C;

{

G-connections on X
with reg. sing. at p,
and monodromy in C;



A MODERN GEOMETRIC PROBLEM

X=PL\{0,0c}

{

G-connections on X
& with reg. sing. at oc

V = d+ B(t)dt and irreg. sing. at 0

B(t) € ()



A MODERN GEOMETRIC PROBLEM

X=PL\ {0, )

V =d + B(t)dt
B(t) € g((t))

Complex points on
the stack M(C, 59)

{

G-connections on X
with reg. sing. at ~
and irreg. sing. at 0



THE BRAID STACK

Conj.class Cin G Positive braid 5 = w;---w, for G

The braid stack is

gecC, FieG/B
M(CJB):{(Q7F'|7"'7FH-1) : }/G

Fiﬂ>l:i+1a gFri1 = F



THE BRAID STACK

Conj.class Cin G Positive braid 5 = w;---w, for G

The braid stack is

gecC, FieG/B
M(CJB):{(Q7F'|7"'7FH-1) : }/G

Fiﬂ>l:i+1a gFri1 = F

G-connections on X
with reg. sing. at
and irreg. sing. at

Complex points on
the stack M(C, 5)



DETERMINING THE BRAID

G-connections on X
with reg. sing. at
and irreg. sing. at

Complex points on
the stack M(C, /)



DETERMINING THE BRAID

G-connections on X
with reg. sing. at
and irreg. sing. at

Complex points on
the stack M(C, /)

Around 0 the conn. mat. B(t) € g((t))

Assumption: . :
P has regular semisimple leading term



DETERMINING THE BRAID

G-connections on X
with reg. sing. at
and irreg. sing. at

Complex points on
the stack M(C, /)

Around 0 the conn. mat. B(t) € g((t))

Assumption: . :
P has regular semisimple leading term

3 1s explicitly computable

Consequence: using the ‘slope’ v of B(t)

V= dm e = YT



THE SHAPE OF OUR THEOREM

Simple gp. G/C s there a ‘G-conn! on Pg.
Conj. class Cin G ~ with ‘monodromy’ C at
Rational number v and ‘slope’ v at 0?
(G,C,v) — yes/no

Theorem (Kamgarpour-W., ‘26)
If G Is exceptional, check our table

Theorem (Jakob-Yun, ‘23)
If G is classical, check our table



THE SHAPE OF OUR THEOREM

Simple gp. G/C Is there a complex point
Conj.class Cin G ~ on the braid stack
Rational number v M(C, VT2
(G,C,v) — yes/no

Theorem (Kamgarpour-W., ‘26)
If G Is exceptional, check our table

Theorem (Jakob-Yun, ‘23)
If G is classical, check our table



ASIDE: LUSZTIG'S MAP

Connected reductive gp. G Weyl group W

Unipotent classes UC(G) Conj. classes CC(W)

In 2011, Lusztig constructed a ‘miraculous’ surjective map
CC(W) — UC(G)

[w] — min. class intersecting BwB



ASIDE: LUSZTIG'S MAP

Connected reductive gp. G Weyl group W
Unipotent classes UC(G) Conj. classes CC(W)
In 2011, Lusztig constructed a ‘miraculous’ surjective map
CC(W) — UC(G)
[w] — min. class intersecting BwB

Proof for exceptional G: Count points on C N BwB over F,

Tight relationship: M(C, 3) ~ (CN BwB)/B when 3 = w



THE SHAPE OF OUR PROOF

Lusztig's formula for counting points on C N BwB over Fq is

= G| G( Z > tr(g, Ue) tr(Tw, He)

QEC (Fq) E€Irr(W)

|(C N BWB)(F,)|

where

Ue is a unipot. G(Fg)-rep. & He is an irred. Hecke alg. rep.



THE SHAPE OF OUR PROOF

Our formula for counting points on M(C, ) over Fq is

[M(C, 5)(Fq)

UE tl"(Tg, HE)
QEC(FQ) EeTrr(W)

where
B=wy---w, ~ To=Tuy Ty

r
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g. Masoud 12:55
! Let us call a positive braid b\in B_W*+ quasi-periodic if there exists a positive integer d and
even integers d_1,....d_n, and parabolic subgroups W_1\supset W_2 .. \supset W_r such that

bAd =w_17d_1}w_24d_2}.. w rr{d_r}
Here, w_r is the longest element of W _r.

Question: Is every quasi-periodic braid nice?



: Bailey 1533
=" If we allow non-standard parabolics, then the conjecture quasi-
periodic -> nice is false. It took Codex 3 hours to find this counter-
example! (It gave up after 1.5 hours and | had to encourage it...)

LetW_1=<234> and W_2 = x <1,3> x*-1} with x = 213234 in
WI(F4). The former is a superset of the latter because x * 1 * x*{-1}
=323 and x * 3 * x*-1} = 23432. Now take p = 2324323 to be the
not-nice braid in F4 in our paper. Then "6 = (w_1}*2 * (w_2)"4
wherew 1 =232343234 andw 2 = 232432 =x * 13 * x*{-1}.



' Bailey 1545
~' There is a counter example for standard parabolics too.
Let W_1 =<2,3,4>and W_2 = <3,4>. Then §*6 = (w_3)"6
* (w_4)*(-4) where w_3 = 232343234 and w_4 = 343.



g_ Masoud 13:01
! 1just ran a codex experiment and it seemed to tell me that in 5_n (for n\leg 9),
every two m-Springer elements are related by a sequence of cyclic shifts...



— Bailey 14:3
=" I've double checked that final calculation using Codex. To be specific, | checked, after
fixing a regular number m, that all m-Springer elements are related under Geck-
Pfeiffer's cyclic shift moves. | checked this for the regular non-elliptic numbers in E6
and E7, and also a sanity check for all regular numbers for G2 and F4.

So that completes our justification for using the specific m-Springer elements found in
Broue-Michel to generate the tables in the appendix.
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