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CHARACTER VARIETIES

This talk is about two varieties:
X := multiplicative character variety

Y := additive character variety

X is built from reductive groups G = GL, SOy, Sp,,, etc.

Y is built from their Lie algebras g = gl,,, son, sp,,, etc.

Main Theorem (GKNW ‘25)
IX(Fq)| and |Y(FFq)| are polynomials in g



CHARACTER VARIETIES

G := reductive group over F, C := conjugacy class in G
g = its Lie algebra over F, O = adjoint orbitin g

m(@g:})) = <aq,b1,...,ag,bg,c ﬁ[a,,bi]c:1>

=1

{fm(E== ) ~s|f0ec)/o
!
{(01,b1,...,ag,bg,c) €G9xC ' ﬁ[a,,b,]c_1}/6




CHARACTER VARIETIES

The multiplicative character variety is

g
X := {(aq,bq,...,ag,bg,c)erg><C‘ H[a,,bi]c:1}/6

=1
The additive character variety is

g
Y:= {(X17y17"'7xgayg7z) S gzg x O | Z[Xiayf] +Z= O}/G

=1



OUR PURITY CONJECTURE
Examples of |Y(Fg)|:
9’ + 64 9°+29° +2q" + ¢’
q* + 6g° + 20q? q® 4+ 29’ + 4q° + 4¢° + ¢*
q®+6q’ +199°+45¢°+99g*  q”+2q" +3q"° +5¢" + -

Main Conjecture

(a) |Y(Fq)| € N[q]

(b) The cohomology of Y is pure

(c) The cohomology of Y sits inside the cohomology of X



PURITY

HEure(Y) - H*(Y) HEure(X) - H*(X)

Theorem (Hausel-Letellier-Rodriguez-Villegas)
If G = GL, then the cohomology of Y is pure

Conjecture (Hausel-Letellier-Rodriguez-Villegas)
If G = GL, then H*(Y) ~ H%,,.(X)

pure

HEure(Y) c;) H*(Y) """ » Hj



KAC POLYNOMIALS

When G = GL,, the polynomials |Y(F,)| are Kac polynomials
quiver Q abs. indec. dim v}/
vector v (9) #{ Q-reps over Fy

Theorem (Kac) Theorem (Crawley-Boevey)
K(q) € Z[q] If G=GL,thenYisa quiver
variety and |Y(Fq)| = K(q

Theorem (HLRV)
K(q) € N[q] @6
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