
CHARACTER VARIETIES

Bailey Whitbread
University of Queensland

baileywhitbread.com
smp.uq.edu.au


AN OLD PROBLEM
(G finite gp.) + (conj. classes C1, C2, C3)
Question: What is the # of triples

(x, y, z) ∈ C1 × C2 × C3

satisfying xyz = 1.
Answer: Rep. theory of G.

G⇝ Rep(G) = {χ : G→ C}∑
χ∈Rep(G)

χ(C1)χ(C2)χ(C3)
χ(1)3
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AN OLD PROBLEM

53. 

Ober Gruppencharaktere 
Sitzungsberichte der Königlich Preußischen Akademie der Wissenschaften zu Berlin 

985-1021 (1896) 

B<.'i dem Beweise des Satzes, dass jede lineare Function einer Varia
beh1 unendlich viele Primzahlen darstellt, wenn ihre Coefficienten 
theilerfremde ganze Zahlen sind, benutzte DxRICHLET zum ersten Male 
gewisse Systeme von Einheitswurzeln, die auch in der nahe verwandten 
Frage nach der Anzahl der Idealclassen in einem Kreiskörper auftreten 
(vergl. die Bemerkung von DEDEKIND in DIRICHLET's Vorlesungen über 
Zahlentheorie, 4. Aufl. S. 62 5), sowie bei der Verallgemeinerung jenes 
Satzes auf quadratische Formen und in den Untersuchungen über deren 
Eintheilung in Geschlechter. Die charakteristische Eigenschaft dieser 
Ausdrücke besteht nach DEDEKIND darin, dass sie von einer variabeln 
positiven ganzen Zahl n abhängige Grössen ?G(n) sind, die nur eine 
endliche Anzahl von W erthen haben und der Bedingung 

x(m) x(n) = x(mn) 

genügen. Wie er in rein a.bstracter Form ausführt, lassen sich den 
Elementen A, B, C, ... jeder endlichen Gruppe ,6 vertauschbarer Ele
mente (ABEL'schen Gruppe) solche Einheitswurzeln 'X,(A), ?G(B), ?G( C), ..• 
zuordnen<- welche die Gleichungen 

x(A) x(B) = x(AB) 

befriedigen, und die er nach dem Vorgange von G Auss die Charaktere 
der Gruppe nannte. 

Unter einem Charakter einer quadratischen Form versteht GAuss, 
Disqu. arithm. Art.. 230 eine Relation der durch die Form darstellbaren 
Zahlen zu den in ihrer Determinante aufgehenden ungeraden Prim
zahlen p (oder 4 oder 8). Er drückt jene Beziehung durch die Zeichen 
Rp und Np aus. Diese Symbole ersetzt DmICHLET, Re.cherches sur 
diverses applkations de f analyse infinitesimale a l,a theori,e des nombres., 
§ 3 (CRELLE's Journal Bd.19) durch das LEGENDRE'sche (und JAcoBr'sche) 

Zeichen (;), welches (nächst der Resolvente von LAGRANGE) wohl das 

älteste Beispiel der Anwendung von Charakteren commutativer Gruppen 
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weise des SYLow'schen Satzes, CRELLE's Journal Bd. roo vortheilhaft 
Gebrauch gemacht habe. Das Hauptelement E bildet für sich eine 
Classe, die Hauptclasse. Sie werde mit (0), die übrigen mit (1), 
(2), , .. (k-1) bezeichnet, wenn k die Anzahl der Classen ist. Ist A 
irgend ein Element der IX,ten Classe, so bilden die mit A vertausch-

baren Elemente von ,6 eine in ,6 enthaltene Gruppe. Ist {i ihre Ord-
" nung, so ist h" die Anzahl der verschiedenen Elemente der IX,ten Classe, 

also h0 = 1. Da jedes Element von ,6 einer und nur einer dieser 
k Classen angehört, so ist 

(1.) lh,.=n. 

Die Classenanzahl k kann man auch so erhalten: Durchläuft jedes 
der beiden veränderlichen Elemente R und S unabhängig von dem 
anderen die h Elemente von ,6, so zähle man ab, wie oft SR = RS 
ist. Setzt man f'lir R ein bestimmtes Element der IX,ten Classe, so giebt 

es ft mit R vertauschbare Elemente S. Setzt man also für R der ,i,. 
Reihe nach jedes der h„ Elemente der IX,ten Classe, so erhält man 

,1i h„ Lösungen f'lir jene Gleichung. Da diese Zahl für jede der k 
n" 
Classen dieselbe ist, so ist hk die Anzahl der Lösungen der Gleichung 
SR=RS. 

Durchläuft A die h„ Elemente der IX,ten Classe, so durchläuft auch 
A-1 die sämmtlichen Elemente einer Classe. Sie möge die inverse 
Classe yon (IX,) heissen und mit (IX,') bezeichnet werden. Inverse Classen 
enthalten gleich viele Elemente, 

(2.) h", = h,.. 

Ist, wie z. B. bei der Hauptclasse, (IX,') = (IX,), so wird die IX,te Classe 
eine zweiseitige genannt. 

Seien (IX,), (ß), ('Y) irgend drei verschiedene oder gleiche Classen. 
Durchläuft A die h„ verschiedenen Elemente der IX,ten Classe, B die ha 
Elemente der 13ten und C die h„ Elemente der 'Yten, so soll die Zahl h,.ao; 
(die auch Null sein kann) angeben, wie viele der h„halt„ Elemente ABC 
gleich dem Hauptelemente sind, also der Gleichung 

(3.) ABC=E 

genügen. Da da.nn AB= c-1 ist, so giebt h„ao; auch an, wie viele der 
h„ha Elemente AB der Classe (,y') angehören. Die Gleichung (3.) ist 
identisch mit BCA = E und GAB= E. Daher sind auch h"a" der 
hah„ Producte BC in (oi') und haao; der h„h„ Producte CA in (/3') ent
halten. Mithin ist h„8„ nicht grösser als die kleinste der drei Zahlen 
lt{!;\, h„h„ und h„h13 • 
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BUILDING BLOCKS: ALGEBRAIC GROUPS

Fix: Field k = R, C, . . .

Def: (Alg. gp.) = (gp.) + (subspace of kn cut out by poly’s).1

(i) Poly: 0 ∈ k[x]
Alg. gp.: (k,+)

(ii) Poly: xy− 1 ∈ k[x, y]
Alg. gp.: (k×,×)

(iii) Poly: ad− bc− 1
Alg. gp.: SL2(k)

(iv) Poly: t(ad− bc)− 1
Alg. gp.: GL2(k)

1In this talk, alg. gp ≡ affine alg. gp.
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BUILDING BLOCKS: ALGEBRAIC GROUPS

(v) Q =

( 1
1

−1
−1

)
⇝
{
A ∈ GL4(k) : AQAtr = Q

}
=: Sp4(k).

Theorem: All alg. gps are subgroups of GLn.

GLn, SLn, Sp2n, SOn, . . .
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THE SPACES I STUDY: CHARACTER VARIETIES

Fix: Surface S with genus g ≥ 0 and r ≥ 1 punctures.

π1(S) = π1

( )

=
⟨a1,b1, . . . , ag,bg, y1, . . . , yr⟩
[a1,b1] · · · [ag,bg] y1 · · · yr

Fix: (Alg. gp. G) + (Conj. classes C1, . . . ,Cr ⊆ G).

R :=

{
f : π1(S)→ G

∣∣∣∣ f(yi) ∈ Ci}↶ G by conj.

⇝ character variety R/G 5



THE SPACES I STUDY: CHARACTER VARIETIES

f←→ ( f(a1), f(b1), . . . , f(ag), f(bg), f(y1), . . . , f(yr) )

Example: Surface S with genus g = 1 and r = 3 punctures.

π1(S) =
〈
a,b, y1, y2, y3

∣∣∣∣ [a,b] y1 y2 y3 = 1
〉

R =

{
(A,B, Y1, Y2, Y3) ∈ G5 such that
[A,B] Y1 Y2 Y3 = 1 and Yi ∈ Ci

}
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HOW DO I STUDY A SPACE?

NUMBERS OF SOLUTIONS OF EQUATIONS 
IN FINITE FIELDS 

ANDRE WEIL 

The equations to be considered here are those of the type 

(1) a0Xo + aiXi + • • • + (ir%r = v. 

Such equations have an interesting history. In art. 358 of the Disquisi-
tiones [l a ] , 1 Gauss determines the Gaussian sums (the so-called 
cyclotomic "periods") of order 3, for a prime of the form p=*3n + l, 
and at the same time obtains the numbers of solutions for all con
gruences axz — &y = l(mod p). He draws attention himself to the ele
gance of his method, as well as to its wide scope; it is only much 
later, however, viz. in his first memoir on biquadratic residues [ lb] , 
tha t he gave in print another application of the same method ; there 
he treats the next higher case, finds the number of solutions of any 
congruence axA — by4^l (mod p), for a prime of the form p=4n + l, 
and derives from this the biquadratic character of 2 mod p, this being 
the ostensible purpose of the whole highly ingenious and intricate in
vestigation. As an incidental consequence ("coronidis loco" p. 89), 
he also gives in substance the number of solutions of any congruence 
y2~axA — b (mod p) ; this result includes as a special case the theorem 
stated as a conjecture ("observatio per inductionemfacta gravissinia") 
in the last entry of his Tagebuch [lc];2 and it implies the truth of 
what has lately become known as the Riemann hypothesis, for the 
function-field defined by that equation over the prime field of p ele
ments. 

Gauss' procedure is wholly elementary, and makes no use of the 
Gaussian sums, since it is rather his purpose to apply it to the de
termination of such sums. If one tries to apply it to more general cases, 
however, calculations soon become unwieldy, and one realizes the 
necessity of inverting it by taking Gaussian sums as a starting point. 
The means for doing so were supplied, as early as 1827, by Jacobi, in 
a letter to Gauss [2a] (cf. [2b]). But Lebesgue, who in 1837 devoted 
two papers [3a, b] to the case no= • • • =nr of equation (1), did not 

Received by the editors October 2, 1948; published with the invited addresses for 
reasons of space and editorial convenience. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 
2 It is surprising that this should have been overlooked by Dedekind and other 

authors who have discussed that conjecture (cf. M. Deuring, Abh. Math. Sem. 
Hamburgischen Univ. vol. 14 (1941) pp. 197-198). 
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Fix: A space X defined by
poly’s with Z-coefficients

Moral: Count |X(Fp)|
⇝ Understand H∗(X)

Theorem: If |X(Fp)| ∈ Z[p]
⇝ It’s the E-poly. of X =: E(X)

dim(X) = deg(E(X))
χ(X) = E(X)|p=1
|π0(X)| = lead. coeff. of E(X)
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EXAMPLE: THE CIRCLE MOD p = 2

X : x2 + y2 = 1

F2

F2
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EXAMPLE: THE CIRCLE MOD p = 3

X : x2 + y2 = 1

F3

F3
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EXAMPLE: THE CIRCLE MOD p = 5

X : x2 + y2 = 1

F5

F5
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EXAMPLE: THE CIRCLE MOD p = 7

X : x2 + y2 = 1

F7

F7
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EXAMPLE: THE CIRCLE MOD p = 11

X : x2 + y2 = 1

F11

F11
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EXAMPLE: THE CIRCLE MOD p = 13

X : x2 + y2 = 1

F13

F13
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EXAMPLE: THE CIRCLE MOD p = 17

X : x2 + y2 = 1

F17

F17
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EXAMPLE: THE CIRCLE MOD p = 19

X : x2 + y2 = 1

F19

F19
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EXAMPLE: THE CIRCLE MOD p

X : x2 + y2 = 1

|X(Fp)| = p− 1 = E(X)

dim(X) = deg(E(X)) = 1

χ(X) = E(X)|p=1 = 0

|π0(X)| = lead. coeff. of E(X) = 1
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HOW TO COUNT POINTS?

Question: How do we count points on R and R/G?

|R(Fp)| =
∣∣∣∣{ (A1, . . .Bg, Y1, . . . Yr) ∈ G(Fp) such that

[A1,B1] · · · [Ag,Bg] Y1 · · · Yr = 1 and Yi ∈ Ci(Fp)

}∣∣∣∣
Example: Surface S with genus g = 1 and r = 3 punctures:

|R(Fp)| =
∣∣∣∣{ (A,B, Y1, Y2, Y3) ∈ G(Fp) such that

[A,B] Y1 Y2 Y3 = 1 and Yi ∈ Ci(Fp)

}∣∣∣∣
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HOW TO COUNT POINTS?

Answer: Frobenius says

|R(Fp)|
|G(Fp)|

=
∑

χ∈Rep(G(Fp))

(
|G(Fp)|
χ(1)

)2g−2∏
i

χ(Ci(Fp))
χ(1) |Ci(Fp)|

Example: Surface S with genus g = 1 and r = 3 punctures:

|R(Fp)| ≈
∑

χ∈Rep(G(Fp))

χ(C1(Fp))χ(C2(Fp))χ(C3(Fp))
χ(1)3

Goal: Compute |R(Fp)| and show it is polynomial in p.
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HOW TO COUNT POINTS?

Problem: Rep(G(Fp)) is difficult to understand.2.1 Generalities about Character Tables 103

Table 2.4 Known generic character tables of finite groups of Lie type

Series Author(s)

PSL2(p) Frobenius [Fro96] (p prime)
SL2(q) Jordan [Jor07], Schur [Schu07] (see also [Bo11])
GL2(q) Jordan [Jor07], Schur [Schu07], Steinberg [St51b]
GL3(q), GL4(q) Steinberg [St51b]
2B2(q2) Suzuki [Suz62]
GU3(q) Ennola [Enn63]
2G2(q2) Ward [War66]
Sp4(q) Srinivasan [Sr68] (q odd), Enomoto [Eno72] (q = 2m)
CSp4(q) Shinoda [Shi82] (q odd)
SL3(q), SU3(q) Simpson and Frame [SiFr73]
G2(q) Chang and Ree [ChRe74] (q = pm, p � 2, 3),

see also Hiss [Hi90b, Anhang B],
Enomoto [Eno76] (q = 3m),
Enomoto and Yamada [EnYa86] (q = 2m)

Sp6(q) Locker [Loc77] (q = 2m), see also Lübeck [Lue93]
CSp6(q) Lübeck [Lue93] (q odd)
3D4(q) Spaltenstein [Spa82b], Deriziotis and Michler [DeMi87]
2F4(q2) Malle [Ma90] (complete table in CHEVIE [GHLMP])
SO+8 (q) (partial) Geck and Pfeiffer [GePf92] (q odd), Geck [Ge95] (q = 2m)
SO−
8 (q) (partial) Lübeck [GHLMP]

(Here,‘partial’ means: unipotent characters only, as defined later in this chapter.)

A3(a, b) :=
(
σa 0
0 σb

)
where 0 � a < b � q − 2,

B1(a) :=
(
0 −τa(q+1)
1 τa+τaq

)
where a ∈ Eq and (q + 1) � a.

Here, Eq ⊆ {0, 1, . . . , q2 − 2} is a set of representatives for the equivalence relation
on Z defined by: a ∼ a′ if a′ ≡ a mod (q2 − 1) or a′ ≡ qa mod (q2 − 1). Note that
the matrix B1(a) is diagonalisable over Fq2 (but not over Fq), with eigenvalues τa
and τaq .

Class type Number of classes Size of class
A1(a) q − 1 1
A2(a) q − 1 (q − 1)(q + 1)

A3(a, b) 1
2 (q − 1)(q − 2) q(q + 1)

B1(a) 1
2q(q − 1) q(q − 1)

Annals of Mathematics, 103 (1976), 103-161 

Representations of reductive groups 
over finite fields 

By P. DELIGNE and G. LUSZTIG 

Introduction 

Let us consider a connected, reductive algebraic group G, defined over a 
finite field F, with Frobenius map F. We shall be concerned with the 
representation theory of the finite group GF, over fields of characteristic 0. 

In 1968, Macdonald conjectured, on the basis of the character tables 
known at the time (GLn, SpJ, that there should be a well defined correspond- 
ence which, to any F-stable maximal torus T of G and a character 0 of TF 

in general position, associates an irreducible representation of GF; moreover, 
if T modulo the centre of G is anisotropic over F,, the corresponding repres- 
entation of G' should be cuspidal (see Seminar on algebraic groups and 
related finite groups, by A. Borel et al., Lecture Notes in Mathematics, 131, 
pp. 117 and 101). In this paper we prove Macdonald's conjecture. More 
precisely, for T as above and 0 an arbitrary character of TF we construct 
virtual representations RO which have all the required properties. 

These are defined in Chapter 1 as the alternating sum of the cohomology 
with compact support of the variety of Borel subgroups of G which are in a 
fixed relative position with their F-transform, with coefficients in certain 
G F-equivariant locally constant l-adic sheaves of rank one. This generalizes 
a construction made by Drinfeld for SL2 (see Ch. 2). 

In Chapter 4 we prove a character formula for RI, based on the fixed 
point formula of Chapter 3. This character formula is in terms of certain 
"Green functions" on the unipotent elements; in Chapters 6, 7, 8 we prove 
that these Green functions satisfy all the axioms predicted by Springer, 
Kilmoyer and Macdonald ([9], [12]). 

By 6.8, 4RI is irreducible if 0 is in general position and the vanishing 
theorem (9.9) gives an explicit model for it provided that q is not too small 
(if G is a classical group or G, any q will do; in the general case q > 30 is 
sufficient). 

In Chapter 10 we study the irreducible components of the Gelfand-Graev 
representation of GF, assuming that the centre of G is connected. The proof 
uses the results of Chapter 5 together with the disjointness theorem (6.2). 

This content downloaded from 194.27.34.118 on Thu, 1 May 2014 11:34:23 AM
All use subject to JSTOR Terms and Conditions
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Abstract. We calculate the E-polynomials of certain twisted GL(n,C)-
character varieties Mn of Riemann surfaces by counting points over finite
fields using the character table of the finite group of Lie-type GL(n,Fq)
and a theorem proved in the appendix by N. Katz. We deduce from this
calculation several geometric results, for example, the value of the topo-
logical Euler characteristic of the associated PGL(n,C)-character variety.
The calculation also leads to several conjectures about the cohomology
of Mn: an explicit conjecture for its mixed Hodge polynomial; a conjec-
tured curious hard Lefschetz theorem and a conjecture relating the pure part
to absolutely indecomposable representations of a certain quiver. We prove
these conjectures for n = 2.
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1 Introduction

Let g ≥ 0 and n > 0 be integers. Let ζn ∈ C be a primitive n-th root of
unity. Abbreviating [A, B] = ABA−1B−1 and denoting the identity matrix

ARITHMETIC HARMONIC ANALYSIS ON
CHARACTER AND QUIVER VARIETIES

TAMÁS HAUSEL, EMMANUEL LETELLIER, and FERNANDO
RODRIGUEZ-VILLEGAS

Abstract
We propose a general conjecture for the mixed Hodge polynomial of the generic char-
acter varieties of representations of the fundamental group of a Riemann surface of
genus g to GLn.C/ with fixed generic semisimple conjugacy classes at k punctures.
This conjecture generalizes the Cauchy identity for Macdonald polynomials and is
a common generalization of two formulas that we prove in this paper. The first is a
formula for the E-polynomial of these character varieties which we obtain using the
character table of GLn.Fq/. We use this formula to compute the Euler characteristic
of character varieties. The second formula gives the Poincaré polynomial of certain
associated quiver varieties which we obtain using the character table of gln.Fq/.
In the last main result we prove that the Poincaré polynomials of the quiver vari-
eties equal certain multiplicities in the tensor product of irreducible characters of
GLn.Fq/. As a consequence we find a curious connection between Kac-Moody alge-
bras associated with comet-shaped, and typically wild, quivers and the representation
theory of GLn.Fq/.
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GLn-CHARACTER VARIETIES

Setting: G = GLn

Theorem (Hausel–Letellier–Rodriguez-Villegas, ‘11)
|(R/G)(Fp)| is a polynomial in p

• dim(R/G) = (2g− 2+ r) dim(GLn)− r · rank(GLn) + 2
• χ(R/G) = 0 if g > 0
• |π0(R/G)| = 1⇝ R/G is connected

Phenomenom: |(R/G)(Fp)| is a palindrome
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Sp2n-CHARACTER VARIETIES

Setting: G = Sp2n

Theorem (Cambó, ‘17)
|(R/G)(Fp)| is a polynomial in p

• dim(R/G) = (2g− 2+ r) dim(Sp2n)− r · rank(Sp2n)
• χ(R/G) = 0 if g > 1
• |π0(R/G)| = 1⇝ R/G is connected

Phenomenom: |(R/G)(Fp)| is a palindrome
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G-CHARACTER VARIETIES

Setting: G = (alg. gp.) + (connected centre) + (reductive)

Theorem (Kamgarpour–Nam–W.-Giannini, ‘24)
|(R/G)(Fp)| is a polynomial in p

• dim(R/G) = (2g− 2+ r) dimG− r · rankG+ 2 dim Z
• χ(R/G) = 0 if g > 1 or dim Z > 0
• |π0(R/G)| = |π0(Z(G∨))|

Phenomenom: |(R/G)(Fp)| is a palindrome
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