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The Representation Variety

Figure 1: The once-punctured genus 3 compact orientable surface.

We want to understand the topology of the representation variety.

In particular, we seek an expression for the £-polynomial of R, which

contains desired topological data, e.g. Euler characteristic, dimension,
number of connected components.

We will do this by computing |R(F)|, the number of [7,-points of R:
R(F,) = {Al, Bi,..., Az, By € G(Fy)?

Z € C(Fq) AL Bl Ay, Byl Z = 1}.

e Y, :=once-punctured genus g compact orientable surface
with fundamental group

(al, b1, -..,dg, bg,Z>
I = 2.) = .
g = 1(Zg) [21, b1] - [2g, bglz

e G = reductive group (think GL, or a ‘nice’ subgroup).

e C = [s] = semisimple regular split conjugacy class of G
(think s = diag(si, ..., s,) with s; # s; for i # j).

The representation variety associated to this data is

R :— {(Al, Bi,...,Ag,Bg.Z) € G2 x C | [A1,By]...[Ag, BslZ = 1}.

Theorem [Katz]

If X is an algebraic variety and Px € Z[x] is a polynomial such that
|X(Fq)| = Px(q) then Px is the E-polynomial of X.

Then computing the E-polynomial reduces to the problem of showing
IR(Fg)| is a polynomial in g, and explicitly computing this polynomial.



Computing the E-polynomial
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