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Twin Prime Conjecture

Define p, to be the nt" prime number.
The expression p,41 — p, is the ntM prime gap.

3-2=1,5-3=2,7-5=211-7=4, 13—11=2,
17-13=4, 19— 17=2, 23— 19=4, 29 —23 =6, ...

Twin Prime Conjecture

Is pp+1 — pn = 2 infinitely often?

ie. Is the following true:

liminf ppy1 — pn =2
n—00



Elliot-Halberstam Conjecture

Elliot-Halberstam Conjecture
For “most” g € N, there exists a “good” Prime Number Theorem
for arithmetic progressions in all primitive classes modulo g.



Twin Prime Conjecture

liminf, oo Prt1 — pn < 7 x 107. (Yitang Zhang, May 2013).

liminfp_o0 Pntr1 — pn < 4680. (Polymath Project, July 2013).

liminf,—o0 Pntr1 — pn < 600. (James Maynard, Nov 2013).

liminf, o0 Pnt1 — pn < 246. (Polymath, April 2014).



PNT Variants

Prime Number Theorem

X
log x

is a “good” approximation for m(x), written

X

m(x) ~

log x

Prime Number Theorem for Arithmetic Progressions
If (a, g) = 1 then write 7(x; g, a) to mean the number of primes
less than x that are congruent to a modulo g. Then
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G e



von Mangoldt Function

Define the von Mangoldt function A : N — [0, c0) by

log p, if n= p¥ for some k > 1,
A(n) = gp, | P >
0, else.

eg. N9)=log3, A(128) =log2, A(6)=0.
It has the useful condition that
(Ax1)( Z/\ =logn = A(n Z,u )log(n/d).
Then A = % Iog. Also we observe the inequality
(1- €)(71'(X2(+ O(x}=9)) < 1 Z/\(”) < 7T(X).
Tog x A




PNT Variants

PNT (von Mangoldt function)

Z A(n) ~ x.

n<x

PNT for Arithmetic Progressions (von Mangoldt function)
If (a,q) =1 then

1
> An) ~ mZ/\(n).

n<x n<x
n=amodq



Elliot-Halberstam Conjecture

Elliot-Halberstam at level ¢
Fix 0 < # < 1. We say the Elliot-Halberstam conjecture holds at
level 0, written EH[0], if we take the error in the PNT for Arith.
Prog. ...
IDMCRE I
n<x n<x
n=amodgqg

.. then we look at the worst error ...

sup A(n A(n)
] X a0
n=amodq




Elliot-Halberstam Conjecture

Elliot-Halberstam at level 0

1
Z A(n) — Wq) ;/\(”)

n<x n<x
n=amodq

sup
ag(Z/qz)*

... then we sum over all g up to a certain level ...

1
A N A =
q;“e(%@* ESI " ¢(q)§x (n)} =)
- n=amodq

.. and then we say EH[f] if this quantity above satisfies
(%) << xlog™ A x = LA
log”™ x

for all A > 0.



Elliot-Halberstam Conjecture

What is known:

e EH[f] is true for 0 < 6§ < 3 (Bombieri-Vinogradov).

e If EH[6] is true for all 0 < 6 < 1, then
liminf, oo Pnr1 — pn < 12.

e |f the generalized EH conjecture is true, then

lim infn—>oo Pn+1 — Pn <6.



Generalized Elliot-Halberstam Conjecture

Recall that A = p * log and EH[0] is concerned with the quantity

1
Z A(n) — m Z/\(”)

n<x n<x
n=amodgq

sup
0 a€(Z/qZ)*

q<x

If we replace A with some other pair of “nice” arithmetic functions
« and S then the generalised Elliot-Halberstam conjecture is
concerned with the quantity

sup
ot €@/

1
> (axpB)(n) - #(a) > (axpB)(n)

n<x n<x
n=amodq



Admissible Prime k-Tuples

Admissible Prime k-Tuples

We say that (hy, ha, ..., hx) where hy < hy < ... < hi and h; € N
is an admissible prime k-tuple if the tuple “avoids” at least one
congruence class modulo p for every prime p.

eg. (0,1) is not admissible because when p = 2, we notice 0 € [0],
and 1 € [1]» so (0,1) “fills” the congruence classes modulo 2.
eg. (0,2) is admissible because when p = 2, we notice 0,2 ¢ [1],.

Advancements in the Twin Prime Conjecture can come from
finding admissible k-tuples.



